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Abstract
When segmenting images of low quality or with missing data, statistical prior information about the shapes of the
objects to be segmented can signiﬁcantly aid the segmentation process. However, deﬁning probability densities in the space
of shapes is an open and challenging problem. In this paper, we propose a nonparametric shape prior model for image
segmentation problems. In particular, given example training shapes, we estimate the underlying shape distribution by
extending a Parzen density estimator to the space of shapes. Such density estimates are expressed in terms of distances
between shapes, and we consider the L2 distance between signed distance functions for shape density estimation, in
addition to a distance measure based on the template metric. In particular, we consider the case in which the space of
shapes is interpreted as a manifold embedded in a Hilbert space. We then incorporate the learned shape prior distribution
into a maximum a posteriori (MAP) estimation framework for segmentation. This results in an optimization problem,
which we solve using active contours. We demonstrate the effectiveness of the resulting algorithm in segmenting images
that involve low-quality data and occlusions. The proposed framework is especially powerful in handling ‘‘multimodal’’
shape densities.
r 2007 Published by Elsevier B.V.
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1. Introduction
We consider image segmentation problems that
involve limited and low-quality data. Such segmentation problems are ill-posed and require the
incorporation of prior information about the
objects to be segmented. When human experts
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segment images, they clearly make use of such prior
information. For example, a radiologist can usually
manually segment an organ (e.g. the prostate) in a
magnetic resonance image, although the boundaries
are mostly invisible to a layperson. Clearly,
radiologists augment the observed data with their
expertise, in other words with statistical prior
information, about the shape of the organ. Existing
automatic segmentation methods (either explicitly
or implicitly) enforce only very simple constraints
about the underlying shapes. For example, many
active contour-based methods (which is the framework
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we also use in our work) involve a curve length
penalty [1–7], which translates to the assumption
that shorter curves are statistically more likely than
longer ones. However, in many applications, more
structured prior information about the shapes is
available. Yet the challenge is how to construct
probabilistic descriptions in the space of shapes, and
then incorporate such statistical information into
the segmentation process.
Early work on this problem involves landmarkbased representations of shapes, and the construction of typical shapes and typical variability based
on a set of training shapes via principal component
analysis (PCA) [8]. The use of landmarks has the
drawback that the performance of shape analysis
depends on the quality of those landmarks. Recently, there has been increasing interest in using
level set-based representations for shape priors
[9,10], which avoid landmarks. In [9,10], PCA of
the signed distance functions of training data is used
to capture the variability of shapes. These techniques have been applied to segmentation problems
involving low SNR or occluded images successfully,
especially when the shape variability is small.
However, there are two major shortcomings of such
techniques. First, these methods treat the signed
distance functions as elements of a linear vector
space, and perform operations such as averaging.
Yet, the space of signed distance functions is a
nonlinear manifold and is not closed under linear
operations. For example, the average of signed
distance functions, which is commonly used to
obtain a mean shape, is not necessarily a signed
distance function. Therefore, the use of linear
analysis tools such as PCA gives rise to an
inconsistent framework for shape modeling [10].
Second, these techniques can handle only unimodal,
Gaussian-like shape densities. In particular, these
methods cannot deal with ‘‘multimodal’’ shape
densities,which involve multiple classes of shapes
(e.g. a shape density of handwritten digits, composed of multiple digits).
Besides the work that involves level set methods,
there has also been some other interesting work on
analysis of shape. Klassen and Srivastava et al. [11]
represent shapes by so-called direction functions
and deﬁne the space of shapes as a sub-manifold
embedded in the L2 space of direction functions.
The key element in that work is the numerical
computation of a geodesic path on the shape space
connecting any two different shapes, where the
distance between two shapes is deﬁned as the length

of the geodesic path. However, this method cannot
be easily extended to deal with 3D shapes. Minchor
and Mumford [12] also considered a space of curves
and obtained a numerical computation of a geodesic
path. Charpiat et al. [13] used an approximation of
the Hausdorff metric in order to make it differentiable and used a gradient of the approximate
Hausdorff metric to warp one shape into another
shape. Soatto and Yezzi [14] proposed a method of
extracting both the motion and the deformation of
moving deformable objects. In that work, they
propose the notion of shape average and motions
such that all the example shapes are obtained by
rigid transformation (motion) of the shape average
followed by diffeomorphism (deformation), where
the shape average and motions are deﬁned such that
the total amount of deformation is minimized. In
that work, the amount of such diffeomorphism is
measured by a simple template metric, i.e. the area
of set-symmetric difference. There is also recent
work by Cootes et al. [15], which constructs a model
that obeys such diffeomorphic constraints.
In our work, we propose a framework for
constructing nonparametric shape densities from
example training shapes. In particular, we assume
that the training shapes are drawn from an
unknown shape distribution, and we estimate the
underlying shape distribution by extending a
Parzen density estimator to the space of shapes.
Such density estimates are expressed in terms of
distances between shapes. We propose two speciﬁc
distance metrics, namely the L2 distance between
signed distance functions and the template metric
(which is the area of set symmetric difference
of two shape interiors), to be used for nonparametric density estimation, although other metrics
could be used in our framework as well. We
then formulate the segmentation problem as maximum a posteriori (MAP) estimation, in which
we use the learned nonparametric shape density as
the prior. This leads to an optimization problem for
the segmenting curve, for which we develop and use
an active contour-based iterative algorithm. We
present experimental results of segmenting lowquality and occluded images. We also demonstrate
how the proposed algorithm can successfully
incorporate shape densities involving multiple object classes.
Recently Cremers et al. [16] also proposed a
nonparametric density estimation-based technique
for shape priors and demonstrated how the level setbased segmentation can beneﬁt from such shape
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priors. In particular, they considered a kernel
density estimate with the square root of the template
metric. They also incorporated the alignment with
respect to translation and scaling directly into the
ﬁrst variation of their energy functional.
Our work and the work in [16] have been done in
parallel independently and share many common
aspects. Yet, our work is different from the work in
[16] in three major ways. First, we consider another
shape distance measure, namely the Euclidean (i.e.
L2) distance between signed distance functions for
shape density estimation, in addition to a distance
measure based on the template metric which is
similar to the one used in [16]. We compare the two
kinds of metrics from both theoretical and practical
standpoints. Second, our framework can handle
alignment with respect to similarity transforms,
which consist of translation, scaling, and rotation.
Third, we further analyze the issue of density
estimation on the space of shapes. In particular,
we consider the case in which the space of shapes is
represented as a space of signed distance functions,
which we interpret as a manifold embedded in a
Hilbert space. We conjecture that the best metric for
density estimation in this case is a geodesic distance
and suggest a density estimate with L2 distance as a
good approximation of the density estimate with the
geodesic distance. We also provide a theoretical
comparison of our framework with that based on
PCA.
The remainder of this paper is organized as
follows. In Section 2, we motivate the problem of
building a shape prior and present nonparametric
shape priors based on the two shape distance
measures. In Section 3, we present our framework
for shape-based image segmentation, where we
derive the gradient ﬂows for active contour evolution for maximizing shape priors. We then present
experimental results in Section 4 with a variety of
low quality images. Finally, we conclude in Section 5
with a summary.

Similarly, if there are occlusions or missing data
around a portion of the boundary, the data
will not tell us much about that part of the
boundary. For such low-quality images, data alone
will not be sufﬁcient for accurate segmentation.
Considering that segmentation is equivalent to
extracting the pose and the shape of the boundary
of the object, prior information on shapes will be
helpful in segmentation, if we have any such
information.
Now let us consider the case where we know the
category of the object in the image. If there is only
one possible ﬁxed shape in that category, then we
know the exact shape of the object a priori, and the
segmentation problem comes down to estimation of
pose. However, in general, there is shape variation
even within a single category of objects, so that
there are considerably more (possibly a continuum
of) ‘‘candidate’’ shapes in the image than those
corresponding simply to variations in pose. For
example if the category is a particular organ in a
medical imaging application, there will be variability in the shape of the organ across patients. Since
such candidate shapes may not be equally likely, it is
desirable to have a quantitative measure of how
good a candidate shape is or how likely such a shape
is. In this sense, a probability measure on the set of
shapes of a given category is the desirable description of the prior knowledge about shapes of the
objects in the category.
Now the question is how to compute such a
probability measure on a set of shapes. An intuitive
idea is that a shape is more likely if it is similar to
the shapes of the same category seen before. This
raises the issue of how to deﬁne a notion of
similarity. Mathematically, this suggests that a
measure of distance between two shapes will play
an important role in statistical analysis of shapes. In
the following section, we state more formally the
problem of building shape priors from available
example shapes.

2. Shape priors

2.1. Problem of building a shape prior

Let us consider a segmentation problem. If the
image to be segmented is of high quality (deﬁned
appropriately based on context), then the observed
image data provide a large amount of information
about the true boundary. However, in many
applications, this may not be the case. For example,
if the image is of low contrast, the amount of
information provided by the data will be small.

In typical active contour-based image
H segmentation, a curve length penalty term a C ds for the
segmenting curve C is often used for regularization.
The basic idea behind this is that shorter curves are
more likely as a boundary of an object than longer
ones. Such a regularization term can be considered
as a prior term, more accurately, the negative
logarithm of a prior density. This interpretation is
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motivated by the Bayesian interpretation of the
energy functional EðCÞ for image segmentation.
EðCÞ ¼  log pðdatajCÞ  log pC ðCÞ /  log pðCjdataÞ.

(1)
In this respect, the curve length term corresponds
to
H
a

ds

C
.
the prior density for the curve pC ðCÞ / e
If we have more information about the shape of the
object to segment, we can build a more sophisticated
shape prior and use it to guide the evolution of the
curve C. In particular, we are interested in the case
where we have a set of example shapes of the object
class. Suppose that the example shapes are given in
terms of n curves C 1 ; . . . ; C n that delineate the
boundaries of the example shapes. The basic idea
we use is that a candidate segmenting curve C will be
more likely if it is similar to the example curves. In
order to measure similarity between curves, we need
to compare the candidate curve C with the example
curves. However, when the candidate C and the
training curves C 1 ; . . . ; C n are not aligned, a direct
comparison of C with C 1 ; . . . ; C n will include not
only the shape difference but also artifacts due to
pose difference such as translation, rotation, and
scaling. In order to deal with this pose issue, we align
~
the curves C 1 ; . . . ; C n and C into C~ 1 ; . . . ; C~ n and C,
which have the same pose. In this paper, we denote
the aligned curves with tildes, whereas we denote
the candidate curve C without a tilde. Hence, the
procedure of estimating pC ðCÞ consists of the
following steps:

(1) Align C 1 ; . . . ; C n into C~ 1 ; . . . ; C~ n . (Section 2.2.1).
~ (Section 2.2.2).
(2) Align C w.r.t. C~ 1 ; . . . ; C~ n into C.
~
(3) Estimate pC~ ðCÞ the prior probability density of
C~ given C~ 1 ; . . . ; C~ n . (Section 2.3).
~ to p^ ðCÞ. (Section 2.3.4).
(4) Relate p^ C~ ðCÞ
C

2.2. Alignment
2.2.1. Alignment of training curves by similarity
transforms
Here we discuss how to align the n training curves
C 1 ; . . . ; C n . In particular, we use the alignment
algorithm presented in Tsai et al. [10], in which a
similarity transform is applied to each curve such
that the transformed curves are well aligned. Let us
ﬁrst deﬁne the similarity transform and then provide
a criterion for alignment.
The similarity transformation T½p with the pose
parameter p ¼ ½a b y h consists of translation
Mða; bÞ, rotation RðyÞ, and scaling HðhÞ, and it
maps a point ðx; yÞ 2 R2 to T½p ðx; yÞ as follows:
!
!
x
x
T½p
¼ RðyÞ  HðhÞ  Mða; bÞ
ð2Þ
y
y
!
!
hðx þ aÞ
cos y  sin y
¼
.
ð3Þ
hðy þ bÞ
sin y cos y
We deﬁne the transformed curve T½pC to be the
new curve that is obtained by applying the
transformation to every point on the curve. The
shape represented by a curve C can also be
represented by a binary image Iðx; yÞ whose value
is 1 inside C and 0 outside C. The transformation of
Iðx; yÞ is deﬁned to be the new image obtained by
moving every pixel ðx; yÞ of the image I to a new
position T½pðx; yÞ making the intensity of I~ at pixel
T½pðx; yÞ the same as the intensity of I at pixel ðx; yÞ
as illustrated in Fig. 1. Thus the two images I and
~
I9T½pI
are related by
~
Iðx; yÞ ¼ IðT½pðx;
yÞÞ

for all ðx; yÞ 2 O.

(4)

Equivalently, I~ can be written in terms of I as
follows:
~ yÞ ¼ IðT 1 ½pðx; yÞÞ.
Iðx;

(5)

Our approach can incorporate any available alignment algorithms in steps 1–2. Also we can use a
variety of distance metrics in step 3. Hence, this
framework can provide several variations of algorithms depending on the choice of the alignment
algorithm and the distance metric. We now discuss
each of the above steps. Steps 2–4 are used in the
segmentation algorithm to be described in Section 3.1
1

We are focusing on 2D segmentation problems here although
our approach can be directly applied to 3D problems.

Fig. 1. Illustration of the similarity transformation T½pI.
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We now provide a criterion for alignment. Given n
training curves, we obtain aligned curves C~ 1 ; . . . ; C~ n
by a similarity transformation C~ i ¼ T½^pi C i with
pose estimate p^ i for each i. The pose estimates are
chosen such that they minimize an energy functional
for alignment. The energy functional we use is given
by
E align ðp1 ; . . . ; pn Þ
(R R
)
i
j 2
n X
n
X
O ðT½pi I  T½pj I Þ dx dy
,
¼
RR
i
j 2
i¼1 jai
O ðT½pi I þ T½pj I Þ dx dy

ð6Þ

where I i is a binary map whose value is 1 inside C i
and 0 outside C i , and T½pI i is a transformed binary
map whose value is 1 inside T½pi C i and 0 outside
T½pj C j . As in (5), I i and T½pi I i are related by
T½pi I i ðx; yÞ ¼ I i ðT 1 ½pi ðx; yÞÞ.

f^p2 ; . . . ; p^ n g ¼ arg min E align ðp1 ; . . . ; pn Þjp1 ¼½0
p2 ;...;pn

0 0 1 ,

(8)
where we use gradient descent to compute p2 ; . . . ; pn .

2.2.2. Alignment of the candidate curve
Now we consider the problem of aligning the
candidate curve C w.r.t. the n aligned training
curves C~ 1 ; . . . ; C~ n . To this end, we estimate a pose
parameter p^ such that C~ ¼ T½^pC is well aligned to
C~ 1 ; . . . ; C~ n by minimizing the energy
p^ ¼ arg min EðpÞ
p
(R
)
n
~i 2
X
O ðT½pI  I Þ dx
¼ arg min
,
R
p
~i 2
i¼1
O ðT½pI þ I Þ dx

2.3. Estimating the shape density
Now the problem is to estimate how likely the
curve C~ is, given the training curves C~ 1 ; . . . ; C~ n . We
assume that the n aligned curves are i.i.d. according
to a density pC~ ðÞ and estimate the density pC~ ðÞ
from n i.i.d. samples.

2.3.1. Nonparametric density estimation
Let us ﬁrst consider density estimation for a ﬁnite
dimensional random vector. Suppose that we have n
samples x1 ; x2 ; . . . ; xn 2 Rm drawn from an mdimensional density function pðxÞ. The Parzen
density estimate is given by
^
pðxÞ
¼

(7)

The numerator in (6), which is the area of setsymmetric difference between two interior regions
of T½pi C i and T½pj C j , basically measures the
amount of mismatch between T½pi I i and T½pj I j ,
and the denominator is present to prevent all the
binary images from shrinking to improve the cost
function. The double summation in (6) implies that
we compare every pair of the binary maps in the
training database.
To estimate the pose parameters, we ﬁx the pose
parameter for the ﬁrst curve as the one for the
identity transform and compute p2 ; . . . ; pn by

3025

n
1X
kðx  xi ; SÞ,
n i¼1

(10)

where we use an m-dimensional Gaussian kernel
kðx; SÞ ¼ Nðx; 0; ST SÞ. If the kernel is spherical, i.e.
S ¼ sI, the above density estimate becomes
^
pðxÞ
¼

n
1X
kðdðx; xi Þ; sÞ,
n i¼1

(11)

where dðx; xi Þ is the Euclidean distance between x
and xi in Rm , and kðx; sÞ is the 1D Gaussian kernel
kðx; sÞ ¼ Nðx; 0; s2 Þ.
Given a distance measure d C ð; Þ in C, the space
of curves, we can extend this Parzen density
estimator with a spherical Gaussian kernel to the
inﬁnite dimensional space C as follows:
~ ¼
p^ C~ ðCÞ

n
1X
~ C~ i Þ; sÞ.
kðd C ðC;
n i¼1

(12)

In this density estimate, the composite of the 1D
kernel and the distance metric plays the role of an
inﬁnite dimensional kernel. For the kernel size s, we
use an ML kernel size with leave-one-out [17]
X
sML ¼ arg max
log p^ C~ ðC~ i Þ
ð13Þ
s

¼ arg max
s

i

X
i

log

1 X
kðd C ðC~ i ; C~ j Þ; sÞ.
n  1 jai
ð14Þ

ð9Þ

i
where I and I~ are binary maps whose values are 1
inside and 0 outside C and T½^pi C i , respectively.

Our nonparametric shape priors in (12) can be used
with a variety of distance metrics. In the following
sections, we consider two speciﬁc metrics, namely
the template metric and the L2 distance between
signed distance functions.
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2.3.2. Parzen density estimate with the template
metric
We now consider the Parzen density estimate in
(12) with a speciﬁc metric, namely the template
~ C~ i Þ ¼ AreaðR
metric d T ðC;
[18],
inside C~ nRinside C~ i Þ
where n denotes set symmetric difference. The
density estimate with the template metric is given by
~ ¼
p^ C~ ðCÞ

n
1X
~ C~ i Þ; sÞ.
kðd T ðC;
n i¼1

(15)

We can also use square root of the template metric
as a distance measure and have the following
density estimate:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
n
X
~ ¼1
~ C~ i Þ; s .
p^ C~ ðCÞ
k
d T ðC;
(16)
n i¼1
Cremers et al. [16] use this density estimate for
shape-based image segmentation. As we will see in
Section 3.2, the template metric can also be
expressed in terms of level set functions and the
Heaviside function,2 and as a result it has a practical
~
merit that the gradient ﬂows qqtC for the above two
density estimates are given in closed form.
One drawback of the template metric and its
variants is that they can miss a signiﬁcant shape
difference or difference in topology if the area of
difference is small. For instance, the template metric
may not be able to distinguish a circle from a circle
with a thin blob attached or a circle from a
doughnut with a very small hole inside.
From the theoretical standpoint, the property
that the template metric is insensitive to this kind of
shape differences suggests that the geometry of the
shape space deﬁned by the template metric is not
very appropriate for deﬁning shape density, which
we explain now. When one deﬁnes a shape
probability density, the shape density at a speciﬁc
shape C y is related to the probability of the random
shape being inside a small neighborhood of the
shape C y as follows:
pC~ ðC y ÞvolumeðN  ðC y ÞÞ ¼ ProbðC~ 2 N  ðC y ÞÞ,
y

(17)

y

where N  ðC Þ ¼ fCjdðC; C Þog is a neighborhood
of C y with radius . This ‘density’ will make sense
only if we can make sure that all the shapes inside
the small neighborhood N  ðC y Þ will look similar to
human observer. The template metric and its
variants do not satisfy this condition.
2
We can also interpret the template metric and the square root
of the template metric as L1 and L2 norms on differences between
binary maps, respectively.

Despite the shortcomings mentioned above, in
practice, the template metric provides a viable
solution for the shape density estimation and
shape-based segmentation. We discuss the nature
of the gradient ﬂow derived from the template
metric-based shape prior and the segmentation
results in Sections 3.4 and 4.
2.3.3. Parzen density estimate on the space of signed
distance functions
In this section, we consider another way of
deﬁning a metric between two curves based on level
set representation of curves. In particular, we
represent each curve C~ i by its corresponding signed
distance function fC~ i , where we use the sign
convention of fo0 inside the curve and f40
outside the curve. The magnitude of signed distance
function fC~ i ðxÞ is the distance from the point x to
the curve C~ i , and the magnitude grows as the point
is more inside/outside of the boundary curve. In
other words, we put more weight on points which
we are conﬁdent are inside/outside the object. Now
we can deﬁne the distance between two curves C~
and C~ i as the distance between the two corresponding signed distance functions fC~ and fC~ i as follows:
~ C~ i Þ ¼ d D ðf ~ ; f ~ Þ,
dðC;
C
Ci

(18)

where we let D denote the space of signed distance
functions and d D ð; Þ denote the metric in space D.
The issue here is how to deﬁne a distance metric
d D ð; Þ in the space of signed distance functions.
We interpret the space of signed distance functions D as a subset of an inﬁnite dimensional
Hilbert space3 L, which is deﬁned by
L9ffjf : O ! Rg, with the following inner product and L2 distance:
Z
hf1 ; f2 i ¼
f1 ðxÞf2 ðxÞ dx,
(19)
O

d L2 ðf1 ; f2 Þ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hf1  f2 ; f1  f2 i.

(20)

As the inner product is an integral over the image
domain O, the inner product and its induced L2
norm depend on the image domain O. However, this
does not cause problems in practice, as we can
assume that the image domain O is ﬁxed over the
3

As the space of signed distance functions is embedded in the
space of level set functions ffjf : O ! Rg, deﬁning the geometry
of this bigger space automatically determines the distance for the
smaller space D. There are many candidate geometries for this
bigger space, and we choose to interpret the space of the level set
functions as a Hilbert space.
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concentrated on the shape manifold would make the
kernel density estimate with the geodesic distance
appealing from a theoretical standpoint. However,
computing a geodesic distance in an inﬁnite dimensional manifold is a challenging problem. There is
some previous work on computing geodesic distances in the space of curves such as Minchor and
Mumford [12] and Klassen et al. [11], but there is
little work when the shape is represented by signed
distance functions.
Instead, we now consider the Parzen density
estimate with the L2 distance in L
Fig. 2. Illustration of the space of signed distance functions D
and the geodesic path (solid line) between f1 and f2 compared
with the shortest path in Hilbert space L (dashed line) which is
off the space D.

entire segmentation process. Another issue is that
this distance is not invariant with respect to
translation and rotation. As we mentioned before,
we ﬁrst remove differences due to pose variation by
alignment. Hence, the shape prior we propose does
not require such invariance properties.
Since the space D is embedded in a Hilbert space,
a natural metric d D ðf1 ; f2 Þ for this space will be a
minimum geodesic distance, i.e. the distance of the
shortest path from f1 to f2 lying in the signed
distance function space D. Fig. 2 provides a
conceptual picture of the space D, and the geodesic
path connecting two distance functions f1 and f2 .
The direct line (dashed line) connecting f1 and f2
gives a shortest path in the Hilbert space and its
length corresponds to the L2 distance d L2 ðf1 ; f2 Þ.
If one could compute the minimum geodesic
distances d geodesic ð; Þ, the corresponding Parzen
density estimate would be
X
~ ¼1
p^ C~ ðCÞ
kðd geodesic ðfC~ ; fC~ i Þ; sÞ.
(21)
n i
We conjecture that the geodesic distance is the best
metric for the density estimation and that this
density estimate is inherently concentrated on the
shape manifold even with ﬁnite number of samples.4
The expected property that the density estimate is
4
Cremers et al. [16] also interpret the shape space as a nonlinear
manifold, and mention that asymptotically the kernel density
estimate (with the square root of the template metric) becomes
concentrated on the manifold. This asymptotic behavior will be
true of many distance metrics, but with ﬁnite samples the density
estimate will not be concentrated on the manifold with most of
the metrics.

~ ¼
p^ C~ ðCÞ

1X
kðd L2 ðfC~ ; fC~ i Þ; sÞ.
n i

(22)

Note that we deﬁned fC~ and fC~ i to be the signed
distance functions representing the curves C~ and C~ i
and that this constraint that fC~ and fC~ i are signed
distance functions is necessary to make this density
estimate be uniquely determined, as this equation
can give different values when fC~ and fC~ i are other
level set functions representing the same curves.5 In
addition, the constraint that fC~ and fC~ i are signed
distance functions enables this density estimate to
approximate the density estimate with geodesic
distance in (21), which we explain next.
Let us ﬁrst consider the case where the example
shapes are of small variation. Fig. 3 illustrates this
situation. In this case, the part of the manifold
supporting the example shapes is approximately ﬂat
or linear provided that the manifold does not have
too much curvature. This is why methods based on
PCA of signed distance functions [9,10] (hence
based on linear vector space tools), work well when
there is small shape variation.
For the Parzen density estimate in such a case, we
can take advantage of the same phenomenon,
namely that the part of the manifold supporting
5
There are inﬁnitely many level set functions whose zero-level
sets give the same curve, and due to this redundancy the distance
between two level set functions representing two distinct shapes
can be arbitrarily small by scaling the level set functions. For
instance, let fC 1 and fC 2 the two signed distance functions
representing two distinct shapes C 1 and C 2 , then any scaled
versions of the signed distance functions also represent the same
shapes, and we have

d L2 ðafC 1 ; afC 2 Þ ¼ ad L2 ðfC 1 ; fC 2 Þ,
where the right-hand side can approach zero as the scaling factor
a approaches zero. Hence, the way we constrain the shape to be
represented only by the signed distance functions not only
removes the redundancy in shape representation but also makes
the distance well deﬁned.
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size s will be small provided that we have a
sufﬁciently large number of example shapes.
More precisely, we have the following approximation if there exists some constant M such that
Ms is small and M is large
1X
kðd geodesic ðfC~ ; fC~ i Þ; sÞ
n i
0
1B
¼ B
n@

X

kðd geodesic ðfC~ ; fC~ i Þ; sÞ

i
d L2 ðfC~ ;fC~ ÞpMs
i

Fig. 3. Illustration of example shapes in D with small shape
variation.

X

þ

i
d L2 ðfC~ ;fC~ Þ4Ms

1

C
kðd geodesic ðfC~ ; fC~ i Þ; sÞC
A

i

X

ð1Þ 1



n

kðd geodesic ðfC~ ; fC~ i Þ; sÞ

i
d L2 ðfC~ ;fC~ ÞpMs
i

X

ð2Þ 1



n

kðd L2 ðfC~ ; fC~ i Þ; sÞ

i
d L2 ðfC~ ;fC~ ÞpMs

0

ð3Þ 1 B

 B
n@

i

X

kðd L2 ðfC~ ; fC~ i Þ; sÞ

i
d L2 ðfC~ ;fC~ ÞpMs
i

þ

X
i
d L2 ðfC~ ;fC~ Þ4Ms

Fig. 4. Illustration of example shapes in D with broad range.

1

C
kðd L2 ðfC~ ; fC~ i Þ; sÞC
A,

i

example shapes is approximately ﬂat and that the L2
distance is close to the geodesic distance. Thus, in
this case, the nonparametric density estimate with
L2 distance can be a good approximation of that
with the geodesic distance.
Now consider the case where the example shapes
have a broad range as illustrated in Fig. 4. In this
case, the part of the manifold supporting the
samples is no longer ﬂat, and PCA will not be very
effective. In contrast, the density estimate with L2
distance can still be a good approximation of (21)
for the following reasons. When fC~ and fC~ i are
close enough, the L2 norm will be a good
approximation of the geodesic distance. On the
other hand, when fC~ and fC~ j are far from each
other, there will be an error in approximation of
distance, but the overall error in density estimate
will be small as long as the kernel size s is small
compared to the distance d L2 ðfC~ ; fC~ j Þ. The kernel

1X
kðd L2 ðfC~ ; fC~ i Þ; sÞ,
¼
n i

ð23Þ

where




We can make the approximation (2), provided that
Ms is small enough such that if d L2 ðfC~ ; fC~ i Þp
Ms, then d geodesic ðfC~ ; fC~ i Þ  d L2 ðfC~ ; fC~ i Þ.
We can make the approximation (1) and (3),
provided that M is large enough such that if
d L2 ðfC~ ; fC~ i Þ4Ms, then kðd L2 ðfC~ ; fC~ i Þ; sÞ  0
and kðd geodesic ðfC~ ; fC~ i Þ; sÞ  0.

These conditions can be satisﬁed if the kernel size s
is small enough.
A similar argument will hold for the case where
the samples form multiple clusters as illustrated in
Fig. 5, and we can make the same approximation as
Eq. (23). When the density is multi-modal, if we
knew which mode of the density the candidate shape
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~ is
If the prior information about the pose pðpjCÞ
available, one can use that information to evaluate
~ is uniform,
pC ðCÞ. In this work, we assume that pðpjCÞ
i.e. all poses p are equally likely. In this case, all slices of
~
the joint density pC;p
~ ðC; pÞ along a ﬁxed p are identical
~ Hence, we have
and simply proportional to pC~ ðCÞ.
~ for all p
pC ðCÞ ¼ gpC~ ðCÞ

(26)

where g is a normalizing constant. Therefore, given the
~ we can estimate the density
density estimate p^ C~ ðCÞ,
estimate of any candidate curve C in terms of its shape
estimate T½^pC as follows:
p^ C ðCÞ ¼ gp^ C~ ðT½^pCÞ,
Fig. 5. Illustration of two clusters of example shapes in D and the
tangent space.

(27)

where the pose estimate p^ is obtained by Eq. (9).
3. Shape-based segmentation

6

was in, we could use a simpler approach like [10]
for shape-based segmentation. However, in scenarios where that is not the case, our approach is more
powerful.
~ to p^ ðCÞ
2.3.4. Relating p^ C~ ðCÞ
C
~
So far we have derived a density estimate p^ C~ ðCÞ
~
for an aligned candidate curve C, which is given in
terms of aligned training curves C~ 1 ; . . . ; C~ n . We
remind the readers that we have all the training
curves aligned, but given an arbitrary image, the
object in that scene is not necessarily aligned with
our training set fC~ i g. Hence we need a density
estimate for the unaligned curves we encounter
during the curve evolution process in segmenting
that image. Here we will relate the density estimate
p^ C ðCÞ for such an unaligned candidate curve C to
~ for an aligned candidate
the density estimate p^ C~ ðCÞ
~
curve C. To this end, we ﬁrst consider the relation~ and p ðCÞ.
ship between the two densities pC~ ðCÞ
C
Conceptually, every candidate curve C can be
described by its shape and its pose. For instance,
when C~ ¼ T½pC is aligned w.r.t. training curves
fC~ i g, we can interpret C~ as the shape of C and p as
the pose of C. Thus the probability density for the
candidate curve can be written in terms of the
density for its shape and its pose as follows:
~
pC ðCÞ / pC;p
~ ðC; pÞ
~
~
CÞ.
¼ p ~ ðCÞpðpj
C

6

ð24Þ
ð25Þ

For instance, one can use a classiﬁcation algorithm like the
one in [19]. However, the algorithm in [19] needs to know the
number of the modes in advance, whereas our approach does not
require such information.

Now we combine the nonparametric shape prior
and a data term within a Bayesian framework to
form the energy functional for segmentation. The
data term we use is from the piecewise constant
version of the Mumford–Shah functional [20], and
the shape term comes from the nonparametric shape
priors introduced in Section 2. We choose this data
term as a representative one, as it has found use in a
wide array of previous work [21,5,16]. However,
note that the shape priors can be combined with any
other data term such as the information theoretic
term proposed in [22] as well. The task of
segmentation is to minimize the energy functional.7
EðCÞ ¼  log pðdatajCÞ  log pC ðCÞ
"Z

ð28Þ

ðIðxÞ  min Þ2 dx

¼b
Rin

Z


ðIðxÞ  mout Þ dx  log pC ðCÞ, ð29Þ
2

þ
Rout

where Rin (Rout ) is the region inside (outside) the
curve C,
R
R
IðxÞ dx
Rin IðxÞ dx
R
min ¼ R
; mout ¼ Rout
,
R dx
Rout dx
in

and b is a hyper-parameter.
We would like to minimize this functional by
gradient descent, and the task comes down to
computing the gradient ﬂow for the curve C. The
overall gradient ﬂow is the sum of the two terms, one
based on data term and the other based on the shape
7

From now on we drop the hat for simplicity in the density
estimate p^ C ðCÞ and the pose estimate p^ .
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prior. The gradient ﬂow qC
qt for the data term is given by
qC
~
¼ b½ðIðxÞ  minside Þ2 þ ðIðxÞ  moutside Þ2 N,
qt
(30)
~
where N is an outward normal of a curve. In this
section, we focus on describing how to compute the
gradient ﬂow qC
qt for maximizing the shape term
log pC ðCÞ.
However, we cannot compute qC
qt directly from the
shape prior, since as was mentioned in Section 2.1,
the shape prior
~
log pC ðCÞ ¼ logðgpC~ ðCÞÞ
n
1X
~ C~ i Þ; sÞ þ log g
kðd C ðC;
¼ log
n i¼1

ð31Þ
ð32Þ

basically compares the aligned curve C~ ¼ T½pC
with the training curves fC~ i g and is given in terms of
those aligned curves C~ and fC~ i g. Hence, we ﬁrst
~
compute qqtC from the shape prior, and then compute
~

from qqtC .
To this end, we need a pose parameter p for curve
C at each time, and the pose p should be updated
concurrently as the curve C evolves. The updates of
C and p are performed iteratively according to
Algorithm 1.
qC
qt

Algorithm 1: Iterative algorithm for updating the
pose estimate p and the curve C
(1) Evolve the curve C without the shape prior for
time t 2 ½0; t0 
(2) For the curve Cjt¼t0 , compute the pose pjt¼t0 by
aligning Cjt¼t0 with respect to fC~ i g
(3) Iterate until convergence:
(a) ﬁx p and
(i) compute C~ ¼ T½pC.
(ii) compute qC~ from the shape prior
qt
~ ¼ log 1 Pn kðd C ðC;
~ C~ i Þ; sÞ
log pC~ ðCÞ
i¼1
n
~
~
qC
q
C
qC
(iii) compute
from
by
¼ T 1 ½p qC
qt

qt

qt

qt

(b) update C by both the data driven force and
the shape driven force
(c) ﬁx C and
(i) compute qp
qt using the alignment energy
functional in Eq. (9)
(ii) update the pose parameter p by qp
qt
All the steps except step 3(a)(ii) are straightforward,
and we discuss step 3(a)(ii) in the following sections.

In following sections, we discuss how to compute
~
the gradient ﬂow qqtC for maximizing the logarithm of
the shape prior probability. We ﬁrst start with the
Parzen density estimate with a generic distance
metric and give a sufﬁcient condition so that the
gradient ﬂow is computable in Section 3.1. In
particular, as an example for which the gradient
ﬂow is computable, we consider Parzen density
estimation with the template metric in Section 3.2.
Next, in Section 3.3, we discuss the case where the
metric is the Euclidean distance between two signed
distance functions and describe how to evolve the
curve in the direction of increasing the shape prior.
3.1. Gradient flow for the shape prior with a generic
distance metric
In this section, we derive a gradient ﬂow for the
Parzen window shape prior with a general distance
measure. It turns out that the gradient ﬂow is given
as a weighted average of several directions, where
the ith direction is an optimal (gradient) direction
that decreases the distance between the ith training
shape and the evolving shape.
Let us begin by considering the shape term
!
1X
~
~
~
log pC~ ðCÞ ¼ log
kðd C ðC; C i Þ; sÞ ,
(33)
n i
~ C~ i Þ is a generic distance measure
where d C ðC;
between the shape described by the curve C~ and
the ith training shape described by C~ i . Now we need
~
to compute a velocity ﬁeld f in curve evolution qqtC ¼
~
~
f N that increases log pC~ ðCÞ most rapidly.
~ is given by
The time derivative of log pC~ ðCÞ
~
q log pC~ ðCÞ
qt
~ ~
1 1X 0
~ C~ i Þ; sÞ qd C ðC; C i Þ .
¼
k ðd C ðC;
~ n
qt
pC~ ðCÞ
i

ð34Þ

~ ~

Now suppose that the last term qd C ðqtC;C i Þ is given in
H
~
~ ds, i.e. qC~ ¼ f i N
~ dethe form of C~ hqqtC ; f i Ni
qt
~ C~ i Þ most rapidly, then we have
creases d C ðC;
~
q log pC~ ðCÞ
qt
I

1 1X 0
~ C~ i Þ; sÞ
k ðd C ðC;
~ n
C~ pC~ ðCÞ
i
 ~

qC
~ ds
;f N

qt i

¼

ð35Þ
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*

I
¼
C~

~
1 1X 0
~ C~ i Þ; sÞ f i N;
~ qC
k ðd C ðC;
~ n
qt
pC~ ðCÞ
i

+
ds
ð36Þ

and we have the following gradient direction that
~ most rapidly
increases log pC~ ðCÞ
qC~
1 1X 0
~ C~ i Þ; sÞ f N.
~
¼
k ðd C ðC;
i
~ n
qt
pC~ ðCÞ
i

(37)

In our work, we use a Gaussian kernel kðx; sÞ ¼
0
1 ﬃ
x2
pﬃﬃﬃﬃﬃﬃﬃ
expð 2s
2 Þ, and we have k ðx; sÞ ¼ kðx; sÞ
2
2ps

ð sx2 Þ. Thus the gradient ﬂow is given by
qC~
1 11X
~ C~ i Þ; sÞ
¼
kðd C ðC;
~ n s2
qt
pC~ ðCÞ
i
~ C~ i Þðf ÞN
~
d C ðC;
i
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Heaviside function, i.e. HðfÞ ¼ 1 if fX0 and
HðfÞ ¼ 0 if fo0. For the region integrals in (39),
the derivative is well known [3], which is given by

~ C~ i Þ I qC~
qd T ðC;
¼
; ð2HðfC~ i ðsÞÞ  1Þ ds. (40)
qt
qt
C~
By substituting f i ¼ ð2HðfC~ i ðsÞÞ  1Þ into (38), we
have the following gradient direction that increases
~ based on the template metric most
log pC~ ðCÞ
rapidly:
qC~
1 11X
~ C~ i Þ; sÞ
¼
kðd T ðC;
~ n s2
qt
pC~ ðCÞ
i
~ C~ i Þð1  2Hðf ~ ÞÞN.
~
d T ðC;
Ci

ð38Þ

~n ,
which is a linear combination of n terms ff i Ng
i¼1
where the ith term contributes a force that decreases
~ C~ i Þ most rapidly, and the weight
the distance d C ðC;
~ C~ i Þ; sÞd C ðC;
~ C~ i Þ.
for the ith term is given by kðd C ðC;
Now the question is whether we can ﬁnd a gradient
~
~ C~ i Þ.
~ for decreasing a distance d C ðC;
ﬂow qqtC ¼ f i N
3.2. Gradient flow for the shape prior with the
template metric
As we have seen above, if we can write the term
H
~
in the form of C~ hqqtC ; f i i ds, we have the
~ in closed form. The
gradient ﬂow for log pC~ ðCÞ
template metric is such an example, and in this
section we compute the gradient ﬂow for the
shape prior with the template metric introduced in
Section 2.3.2.
~ C~ i Þ ¼
Consider the template metric d T ðC;
AreaðRinside C~ nRinside C~ i Þ. This metric can be written
in the form of region integrals as follows:
Z
~ C~ i Þ ¼
ð1  HðfC~ ðxÞÞÞHðfC~ i ðxÞÞ dx
d T ðC;
O
Z
þ HðfC~ ðxÞÞð1  HðfC~ i ðxÞÞÞ dx
Z O
HðfC~ i ðxÞÞ dx
¼
~ C~ i Þ
qd C ðC;
qt

ð41Þ

Fig. 6 illustrates the ith component of this shape
force. Note that ð1  2HðfC~ i ÞÞ is 1 inside C~ i and 1
outside C~ i .
3.3. Approximation of the gradient flow for the shape
prior with the Euclidean distance
Now we deal with the problem of evolving the
curve C~ so that we increase the shape prior with the
L2 distance in (22). Since the shape prior in this case
is given in terms of signed distance functions fC~ and
fC~ i , we derive the evolution of the signed distance
function fC~ , which is equivalent to evolution of the
~ When evolving f ~ , it is desirable to keep
curve C.
C
fC~ to be a signed distance function in order that the
shape density estimate in (22) is meaningful density
estimate, since the L2 distance d L2 ðfC~ ; fC~ i Þ becomes
less accurate as a shape distance measure as fC~
moves away from the manifold of signed distance
functions. In addition, when the level set function is
off the manifold, the evolution of the zero level set
can be less stable than the case where the evolving
level set function is constrained to be a signed

Rinside C~

Z

þ
Routside C~

ð1  HðfC~ i ðxÞÞÞ dx,

ð39Þ

where fC~ and ffC~ i g are signed distance functions
for C~ and fC~ i g, respectively, and HðÞ is the

Fig. 6. Illustration of the shape force that decreases the template
~ is the outward
metric d C ðC; C i Þ ¼ AreaðRinside C nRinside C i Þ. N
unit normal vector.
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distance function [23]. With this constraint, there
are two ways to compute the evolution equations
for fC~ . One is to directly compute the gradient ﬂow
with the constraint that fC~ remains on the manifold
of signed distance functions. The other is to
compute gradient ﬂow without the constraint and
then modify the evolution equation such that fC~
remains on the manifold of signed distance functions. We choose the second approach here as the
ﬁrst approach may not give a solution in closed
form or result in a complicated solution even if there
is a solution in closed form.

3.3.1. Unconstrained gradient flow of level set functions
Without the constraint that the evolving level set
function stays on the manifold D, we compute the
~
gradient ﬂow for log p ~ ðCÞ
C

~ ¼ log
log pC~ ðCÞ

1X
n

kðd L2 ðfC~ ; fC~ i Þ; sÞ,

(42)

i

where fC~ i is the signed distance function for the ith
training shape. Note that fC~ is a function of the
time t and fC~ is a shorthand notation for the
evolving level set function fC~ ðtÞ. Using a Gaussian
kernel, we have
kðd L2 ðfC~ ; fC~ i Þ; sÞ


Z
1
1
2
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp  2 ðfC~ ðxÞ  fC~ i ðxÞÞ dx .
2s O
2ps2
ð43Þ
By differentiating the above expression, we have
q
kðd L2 ðfC~ ; fC~ i Þ; sÞ
qt
¼ kðd L2 ðfC~ ; fC~ i Þ; sÞ


Z
qf ~
1
  2 2ðfC~ ðxÞ  fC~ i ðxÞÞ C ðxÞ dx
2s O
qt


qf ~
1
¼ 2 kðd L2 ðfC~ ; fC~ i ÞÞ fC~ i  fC~ ; C .
ð44Þ
s
qt
~ in (42).
Let us now differentiate log pC~ ðCÞ
Xq
q
~ ¼ 1 1
log pC~ ðCÞ
kðd L2 ðfC~ ; fC~ i Þ; sÞ ð45Þ
~ n
qt
qt
pC~ ðCÞ
i
1 1 1X
¼
kðd L2 ðfC~ ; fC~ i Þ; sÞ
~ s2 n
pC~ ðCÞ
i


qf ~
 fC~ i  fC~ ; C
ð46Þ
qt

*
¼

1 1 1X
kðd L2 ðfC~ ; fC~ i Þ; sÞ
~ s2 n
pC~ ðCÞ
i

qf ~
ðfC~ i  fC~ Þ; C .
qt

ð47Þ

~
Thus the gradient direction that increases log pC~ ðCÞ
most rapidly is
qfC~
1 1 1X
¼
kðd L2 ðfC~ ; fC~ i Þ; sÞðfC~ i  fC~ Þ
~ s2 n
qt
p ~ ðCÞ
C

i

(48)
This velocity ﬁeld is given by a weighted average of
ffC~ i  fC~ gni¼1 , where fC~ i  fC~ is the direction
toward the ith training shape fC~ i , and the corresponding weight is kðd L2 ðfC~ ; fC~ i Þ; sÞ. Note that the
weight for the velocity component fC~ i  fC~ increases as fC~ gets closer to fC~ i . As a result, an
example shape that is closer to the current shape
becomes more important during the evolution of the
shape.
3.3.2. Modifying the evolution equation
Now we describe how we modify the evolution
Eq. (48) such that the evolving level set function
remains a signed distance function. We start by
rewriting the update Eq. (48) and deﬁning the
velocity ﬁeld vðÞ as follows:
qfC~ ðx; tÞ
qt
1
1 1X
kðd L2 ðfC~ ð; tÞ; fC~ i Þ; sÞ
¼
~
s2 n i
pC~ ðCðtÞÞ
ðfC~ i ðxÞ  fC~ ðx; tÞÞ9vðxÞ,

ð49Þ

where we introduce pixel x and time t explicitly to
the velocity ﬁeld expression.
Now we modify the evolution in (49) and
construct a new velocity ﬁeld vnew ðÞ which guarantees that the evolving level set function is a signed
distance function. The goal here is to extract
relevant information for shape evolution from the
velocity ﬁeld vðÞ and to construct vnew ðÞ such that
the resulting trajectory of fð; tÞ is on the space D.
First we observe that the only components of the
velocity ﬁeld vðÞ that directly impact the shape
evolution are those deﬁned at the points on the
~ ¼ fxjf ~ ðx; tÞ ¼ 0g. In this respect,
boundary CðtÞ
C
~ The next key
we take vnew ðxÞ ¼ vðxÞ if x 2 C.
property is that as long as the velocity vnew remains
~
constant along the direction normal to the curve C,
the evolving level set function fC~ ðtÞ remains a
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signed distance function [24]. Since we have deﬁned
values of vnew ðÞ at all the boundary points, we can
extend these values in the direction normal to the
boundary. Such a procedure is equivalent to setting
the velocity vnew ðxÞ at a point x to be equal to the
boundary velocity vðxC~ Þ, where xC~ is the boundary
point closest to the point x.
In summary, we update the level set function fC~
by the modiﬁed velocity vnew ðÞ as follows:
qfC~ ðx; tÞ
¼ vnew ðxÞ ¼ vðxC~ Þ,
(50)
qt
where xC~ is the point on the curve closest to the
point x.
This vnew ðÞ is an approximation of the gradient
ﬂow which maximizes the change in the energy.
3.4. Discussion on the gradient flows
In this section, we consider the gradient ﬂow
induced by the shape prior with the L2 distance and
compare that with the shape constraint obtained by
the PCA-based approach in [10]. Then we add some
comments about the gradient ﬂow induced by the
shape prior with the template metric.
Let us consider the shape force due to L2 norm in
(48). Such shape force will evolve the curve toward a
shape at local maximum of the shape prior, which is
approximately a weighted average of the neighboring training shapes. Although the actual shape force
is modiﬁed version (Section 3.3.2) of Eq. (48), this
equation gives a useful interpretation of a shape at a
local maximum of the shape prior as follows. At the
~ the gradient ﬂow will be
local maximum of pC~ ðCÞ,
zero.
qfC~
1 1 1X
¼
kðd L2 ðfC~ ; fC~ i Þ; sÞðfC~ i  fC~ Þ
~ s2 n
qt
p ~ ðCÞ
C

i

ð51Þ
1X
lL2 ðfC~ ; fC~ i ÞðfC~ i  fC~ Þ
¼ 2
s i

ð52Þ

¼ 0,

ð53Þ

where lL2 ðfC~ ; fC~ i Þ ¼

kðd L2 ðfC~ ;fC~ Þ;sÞ
i
~
np ~ ðCÞ
C

and

P

i lL2 ðfC~ ;

fC~ i Þ ¼ 1. Hence, the shape at the local maximum is
given as
X
fC~ ¼
lL2 ðfC~ ; fC~ i ÞfC~ i
(54)
i

At ﬁrst sight, this is a linear combination of training
shapes, hence one can raise an issue that this approach
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might have the same problem that PCA-based
approaches have, namely, the space of signed distance
functions is not linear and such linear combination
would be far off the manifold. However, the linear
combination has nonlinear weight function
lL2 ðfC~ ; fC~ i Þ that emphasizes only the training samples
within a local neighborhood of the current candidate
shape fC~ , which we explain below. The weight function
is a decreasing function of the distance d L2 ðfC~ ; fC~ i Þ,
and in particular, the weight function lL2 ðfC~ ; fC~ i Þ will
be negligible if fC~ i is not in the local neighborhood (or
within the same mode) of fC~ (i.e. d L2 ðfC~ ; fC~ i Þ is large
enough compared to the kernel size s). Thus the shape
at the local maximum is approximately given as a
weighted average of training shapes in local neighborhood. Note that the weight function behaves as a
selection function of the local neighbors or samples in
the same cluster (or in the same mode). Therefore, the
linear combination in (54) is not far away from the
manifold. We can also say that only locally relevant
shapes are activated by the shape prior and the shape
force. In addition, this property gets stronger as the
kernel size gets smaller, i.e. the neighboring samples
contributing to the shape at the local maximum are
more localized, thus the part of the manifold that
supports such neighboring samples will be more linear
or ﬂat.
In contrast, the PCA-based approach in [10], the
candidate shape is constrained to be a linear
combination of training samples, yet without a
special selection mechanism. In particular, the shape
of the segmentation is constrained to be sum of the
average shape and a linear combination of eigenshapes as follows:
fða1 ; . . . ; ak Þ ¼ favg þ

k
X

ai feig;i ,

(55)

i¼1

where the eigen-shapes ffeig;i g are obtained by PCA,
and according to the algorithm, each of the eigenshapes is again a linear combination of training
shapes. Hence, any candidate shape fða1 ; . . . ; ak Þ is
a linear combination of the training shapes, and the
set of possible candidate shapes is contained in the
linear subspace spanned by all the training shapes:
ffða1 ; . . . ; ak Þg

spanffC~ 1 ; . . . ; fC~ n g.

(56)

When the training shapes are localized, the righthand side of (56) would be also localized around
the shape manifold (space of signed distance
functions) thereby making the set of candidate
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shapes localized, too. However, when the training
shapes are multi-modal or broadly distributed, a
candidate shape fða1 ; . . . ; ak Þ is likely to be a linear
combination of broadly distributed samples. This
increases the chance of such a candidate shape being
off the manifold and also being a less typical shape.
In other words, the shape constraint obtained by
PCA analysis can be not restrictive enough when the
training samples are broadly distributed.
Finally, we brieﬂy compare the gradient ﬂow for
the density estimate with L2 distance and the one for
the density estimate with the template metric. Let us
consider the gradient ﬂow equation (41)
qC~
1 11X
~ C~ i Þ; sÞ
¼
kðd T ðC;
~ n s2
qt
pC~ ðCÞ
i
~ C~ i Þð1  2Hðf ~ ÞÞN
~
d T ðC;

ð57Þ

Ci

1X
~ C~ i Þd T ðC;
~ C~ i Þð1  2Hðf ~ ÞÞN,
~
¼ 2
lT ðC;
Ci
s i

therein has the same property that it has limited
degree of freedom.
4. Experimental results
Now we present experimental results demonstrating our segmentation method based on nonparametric shape priors. We ﬁrst show results for
segmenting occluded objects. Here the shape prior
involves a single class of object shapes. Next, we
present experimental results on the problem of
segmenting hand-written digits (with low quality or
missing data), where the prior density involves all
digits, and the algorithm does not know which digit
the test data is. This problem is more challenging as
the prior density is now multimodal.
4.1. Segmentation of occluded objects with various
poses

ð58Þ
~ ~

~ C~ i Þ ¼ kðd T ðC;C i Þ;sÞ and
where lT ðC;
~
np ðCÞ
C~

P

i

~ C~ i Þ ¼ 1.
lT ðC;

This gradient ﬂow also has a nonlinear weighting
~ C~ i Þ, which selects training shapes in a
function lT ðC;
local neighborhood of the current segmenting
shape. The major differences between the two
gradient ﬂows are in the ﬂexibility or the degree of
the freedom. In particular, the ith component
~ C~ i Þð1  2Hðf ~ ÞÞN
~ of the gradient ﬂow with
d T ðC;
Ci
the template metric has uniform magnitude
~ C~ i Þ over the entire curve with ð1  2Hðf ~ ÞÞ
d T ðC;
Ci
changing only signs. As each component of the
gradient ﬂow has pretty simple structure, the overall
gradient ﬂow in (58), which is a linear combination
of simple component ﬂows, will still have less degree
of the freedom than the gradient ﬂow in the case of
L2 distance. As the shape prior proposed in [16] is
also based on the template metric, the gradient ﬂow

In this section, we demonstrate our shape-based
segmentation algorithm with the segmentation of
synthetic aircraft images. As example shapes of this
class, we have a set of 11 binary images displayed in
Fig. 7, whose boundaries provide the training curves

Fig. 9. Overlay of training samples of the aircraft shape: (a)
before alignment: (b) after alignment. The images (a) and (b) are
generated by taking an average of the binary images in Figs. 7
and 8, respectively.

Fig. 7. Training samples of the aircraft shape before alignment.

Fig. 8. Aligned training samples of the aircraft shape.
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Fig. 10. Segmentation of an occluded aircraft image (rotated) using Parzen shape prior with L2 distance between signed distance
functions. The ﬁrst row, (a)–(e), shows the evolution of the curve C on top of the occluded image. The second row, (f)–(j), shows the
aligned curve C~ on top of the image shown in Fig. 9(b).

C 1 ; . . . ; C n (n ¼ 11). Fig. 8 shows the training
shapes after alignment, hence the boundaries of
these binary images correspond to the aligned
training curves C~ 1 ; . . . ; C~ n . Fig. 9(a) and (b) contain
overlaid images of the training samples, showing the
amount of overlap among training shapes before
and after alignment, respectively, and providing a
picture of the shape variability.
We now present segmentation results on the
image of an aircraft whose shape was not included
in the training set. In particular, Fig. 10 shows the
noisy aircraft test image with an occluded left wing
as well as its segmentation using the Parzen shape
prior with L2 distance between signed distance
functions. The ﬁrst row, (a)–(e), shows the evolving
curve C on top of the image to be segmented, and
the second row, (f)–(j), shows the transformed curve
C~ ¼ T½pC on top of the aligned training shapes
shown in Fig. 9(b). In our shape-based segmentation, we evolve the curve as is given in Algorithm 1.
First, the curve evolves without the shape prior
(using a curve length regularization term instead) as
shown in (a)–(c), which corresponds to the step 1 of
Algorithm 1. After the curve ﬁnds all the portions of
the object boundary except those occluded as shown
in (c),8 the shape force is turned on, and both the
data force and shape force are applied during the
stages (c)–(e). Note that the pose parameter p is
8
At stage (c), the curve has converged with the data force and
the curve shortening term. Such convergence is detected
automatically and then the shape force is turned on.

updated as is shown in (i) and (j) while the curve
evolves as in (d) and (e). This procedure is more
desirable than turning on the shape force from the
start, since during the initial stages of the curve
evolution, the pose estimate may not be accurate
and in that case the shape force might deform the
curve with an inaccurate pose estimate. Note that
while the shape force is turned off, we need no pose
estimates and we have C~ ¼ C. We also note that our
algorithm does not have access to any information
about which parts of the image contain occlusions.
At the ﬁnal segmentation the shape force and data
force are in equilibrium. For instance the data force
at the boundary of the left wing will try to shrink the
left wing to match the given data, whereas the shape
force tries to expand the left wing to increase the
ﬁdelity to the shape prior.
In these experiments, we have an issue of how to
balance the data force and the shape force. We
balance the two forces by subjectively (depending
on the SNR of the images) choosing the hyperparameter b in the data driven energy term (29). A
rule of thumb is that the higher the noise variance
the smaller the data force parameter b.
Fig. 11 shows the results with the same test image
with a different shape prior, namely the density
estimate with the template metric. As the intermediate steps of the curve evolution are similar to
Figs. 10 and 11 for the test images with other poses,
in the remainder of this section, we present only
the ﬁnal segmentation results for the aircraft
images. Fig. 12(a) is the same image as the one
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Fig. 11. Segmentation of an occluded aircraft image (rotated) using Parzen shape prior with the template metric. The ﬁrst row, (a)–(e),
shows the evolution of the curve C on top of the occluded image. The second row, (f)–(j), shows the aligned curve C~ on top of the image
shown in Fig. 9(b).

Fig. 12. Segmentation of an occluded aircraft image involving rotation: (a) test image; (b) result without shape prior; (c) nonparametric
shape prior with the L2 distance; (d) nonparametric shape prior with the template metric.

Fig. 13. Segmentation of an occluded aircraft image involving rotation, scaling, and translation: (a) test image; (b) result without shape
prior; (c) nonparametric shape prior with the L2 distance; (d) nonparametric shape prior with the template metric.

shown in Fig. 10, and we present the segmentation
result without a shape prior (and with a curve length
penalty instead) and the segmentation results
obtained by two different shape priors, namely the
nonparametric shape prior with the L2 distance and
the nonparametric shape prior with the template
metric. Fig. 13 shows a segmentation example
involving a rotated, scaled and translated version
of the same object.

In these experiments, the nonparametric shape
prior with the L2 distance leads to better segmentation results than the template metric, especially at
the front end of the aircraft. This difference seems to
come from the nature of gradient ﬂow we discussed
in Section 3.4, namely whether the component
shape force is variable or constant around the
curve, which we explain now. We examine the
segmentation result in Fig. 12(c) and the inaccurate
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segmentation around the front end of the aircraft in
Fig. 12(d) by ﬁrst inspecting the aligned curve C~ and
the aligned training curves in Figs. 10(j) and 11(j).
Figs. 10(j) and 11(j) show that the front end portion of
the aligned segmenting curve C~ is outside of the same
portion of training shapes. As a result, the shape force
will be in a direction to shrink the front end further
inside to match the training shapes. The issue is then
how large the magnitude of such shape force is relative
to the magnitude of the data force. With the L2
distance, when a portion of the segmenting curve gets
near to the same portion of the aligned training curves,
the shape force around that portion of the boundary
decreases. For instance, in Fig. 10(e), the shape force
around the front end will be much smaller than that
around the left wing. This variability of shape force
around the boundary explains why the front end does
not shrink further with the L2 distance. In contrast, the
shape force due to the template metric is controlled by
only whether the portion of the boundary is inside or
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outside the training shape without further adjusting its
magnitude. As a result, with the alignment shown in
Fig. 11(j), the shape force will try to move the portion
of the curve around the front end further inside even
though that portion of the boundary is pretty close to
the same portion of the training shapes.
In all of these examples, we have reasonable
segmentation despite the occlusions. These results
demonstrate that our segmentation algorithm can
locate an object with an arbitrary pose, when we
have prior knowledge about the shape of the object.
Since the training shapes are locally distributed, the
method based on linear shape prior such as PCA
will also work for these images as demonstrated by
the work of Tsai et al. [10].
4.2. Segmentation of handwritten digit images
We now consider the problem of segmenting
handwritten digits, where there are 10 handwritten

Fig. 14. Training data for handwritten digits; Courtesy of Erik Learned–Miller
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digits, i.e. 0; 1; . . . ; 9. As the prior density is now
multimodal, this is a scenario which cannot be
readily handled by most existing shape-based
segmentation techniques. We use a training set of
100 sample images with 10 segmented images of
each digit as shown in Fig. 14. In this experiment,
the training shapes and test shapes are already
aligned, so we ﬁx the pose parameters pi for the
training curves and the pose parameter p for
the evolving curve to be ½0 0 0 1, the one for the
~ and
identity transform. Hence C i ¼ C~ i and C ¼ C,
we just use C i and C to denote aligned curves.
Let us consider the low-SNR test images (not
included in the training set) in Fig. 15(a). Segmentations without a shape prior (and with a curve length

penalty instead) are shown in Fig. 15(b). The results
of our shape-based segmentation method together
with the results of PCA-based segmentation method
of Tsai et al. [10] are shown in Fig. 16. The result of
PCA-based segmentation in Fig. 16(a) looks better
than the result without a shape prior in Fig. 15(b) as
the shape prior constrains the evolving curve to be a
linear combination of training shapes, i.e. to remain
on the linear subspace spanned by the training
shapes. However, as the training shapes are
distributed broadly having multiple modes, such a
linear subspace is not restrictive enough to obtain
very good segmentation results. In contrast, the
results of our shape-based segmentation look much
better as shown in Figs. 16(b) and 16(c). This

Fig. 15. Segmentation of low SNR digit images: (a) test images; (b) without shape prior.
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Fig. 16. Segmentation of low SNR digit images: (a) with linear prior (PCA); (b) nonparametric prior with the L2 distance; (c)
nonparametric prior with the template metric.

demonstrates that the nonparametric shape prior
can effectively model the shape distribution composed of multiple clusters.

In kernel density estimation, choice of kernel size
is an open issue and its choice depends on the
application at hand [17]. In general, there is a
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Fig. 17. Handwritten digits with missing data; each of these examples is not included in the training set in Fig. 14. The parts of missing
data are displayed in gray.

tradeoff in choosing kernel size, namely if we choose
it too small, the density estimate is dominated by the
nearest training shape, whereas if we choose it too
large, density estimate is over-smoothed across
clusters. Our choice of kernel size for this data
set is s ¼ dsML , a scaled version of the ML kernel
size, which can be automatically estimated from
the data, and the scale parameter d is manually9
chosen to be 0.2 in this application, in order to
prevent over-smoothing across multiple clusters of
samples.
Finally, we consider the problem of segmenting a
handwritten digit image with missing data as well as
additive noise. The gray region in Fig. 17 indicates
where we do not have observations, and the test
images are shown in Fig. 18(a). In this experiment,
we assume that the algorithm knows which pixels
are missing, that is the algorithm takes the occlusion
mask as an additional input, and disregards the
intensities of the pixels that fall under the mask.
Since the curve evolution inside the region of
missing data will not change the data-based energy
term, the data driven force in that region would be
zero. Hence, when we evolve the curve, the portion
of the curve in the region of missing data will be
evolved only by shape force whereas the other
portion of the curve will be evolved by both the data
force and the shape force.
9
We can ﬁx this scaling parameter and use one-ﬁfth of the ML
kernel size as a rule of thumb kernel size. This rule of thumb
kernel size is automatically computed from the data.

Segmentations without a shape prior are shown in
Fig. 18(b). Again the result of PCA-based segmentation
in Fig. 19(a) looks better than the result without a
shape prior in Fig. 18(b). However, we can see that the
PCA-based shape prior is not restrictive enough as
shown in the segmentation results of digits 1, 7, and 9.
In contrast, our shape-based segmentation results in
Fig. 19(b) and (c) provide fairly accurate segmentation
despite the data limitations. We can also compare the
segmentation results in Fig. 19 quantitatively by
measuring the mismatch between the ground truth
boundary C true and the segmentation result C result . We
use the template metric d T ðC true ; C result Þ as such a
measure of mismatch and provide the quantitative
comparison in Table 1 and Fig. 20. In Table 1, for each
digit image, we mark in boldface the minimum
d T ðC true ; C result Þ over the three priors, where we can
see that the shape prior with the template metric
performed best most frequently and that PCA-based
shape prior never performed best. Fig. 20 visualizes
Table 1 and shows that most times the nonparametric
shape priors give smaller error measures than PCAbased shape prior. In summary, we conclude that
segmentation methods based on nonparametric shape
priors outperform PCA-based segmentation method
both qualitatively and quantitatively.
5. Conclusions
We have considered the problem of estimating
shape prior densities from example shapes and
proposed a shape-based segmentation method. In
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Fig. 18. Segmentation of digit images with missing data: (a) test images; (b) without shape prior.

particular, we have developed a framework for
estimating shape priors from training shapes nonparametrically. Based on such nonparametric shape
priors, we have formulated the shape-based segmentation problem as a MAP estimation problem.
Evaluation of the nonparametric shape prior for a
candidate curve for segmentation is given in terms
of distances between the candidate curve and the
training curves. We consider the L2 distance
between signed distance functions for shape density
estimation, in addition to a distance measure based
on the template metric. In particular, we consider
the case in which the space of shapes is represented
as a space of signed distance functions, which we

interpret as a manifold embedded in a Hilbert space.
We have derived curve evolution equations based
on the nonparametric shape priors and provided
comparison of the curve evolution equations for the
two distance metrics. We have presented experimental results of segmenting partially occluded
images, where the similarity transform of the object
was handled by alignment. We have considered the
case in which the training shapes form multiple
clusters, and demonstrated that our nonparametric
shape priors model such shape distributions successfully without requiring prior knowledge on the
number of clusters. Though we considered the
template metric and the L2 distance between signed
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Fig. 19. Segmentation of digit images with missing data: (a) with linear prior (PCA); (b) nonparametric prior with the L2 distance; (c)
nonparametric prior with the template metric.

distance functions, other metrics can also be used
for nonparametric shape priors in our framework.
One such example is the Hausdorff metric [18] or its

differentiable approximation introduced in [13],
whose use for shape density estimation deserves
some future work.
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Table 1
Quantitative comparison of the segmentation results in Fig. 19
Digit
0 1
2
3
4
5
6
7
8
9
PCA
188 76 288 196 153 201 158 200 326 330
Prior with d L2 106 33 222 144 191 193 101 120 302 108
Prior with d T 122 55 205 137 129 165 89 140 293 105
Each element of the table is given by the template metric
d T ðC true ; C result Þ, which is a distance between the ground truth
boundary curve C true and the segmentation boundary C result of
the corresponding segmentation result.

350
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digit

Fig. 20. Quantitative comparison of the segmentation results in
Fig. 19. The template metric d T ðC true ; C result Þ is used as a measure
of mismatch between the ground truth and the segmentation
result. This ﬁgure is obtained from Table 1.
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